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a b s t r a c t
The Lovász Local Lemma yields sufficient conditions for a hypergraph to be 2-colorable,
that is, to have a coloring of the points blue or red such that no edge is monochromatic. The
method yields a general theorem, which shows for example, ifH is a hypergraph in which
each edge contains at least 9 points and each point is contained in atmost 11 edges, thenH
is 2-colorable. In this paper, we use the ‘lopsided’ version of the Local Lemma to give some
sufficient conditions on t-coloring to hypergraphs and 2-coloring to hypergraphs such that
each edge contains at least 2 points of each color.
© 2009 Published by Elsevier Ltd
1. Introduction
In this article, a hypergraph H = (V , E) consists of a collection E of subsets of a (finite) set V = {x1, x2, . . . , xn}, the
members of V are the points and the members of E are the edges. |V | = n is called the order of this hypergraph. A hyper-
graph is k-uniform if each edge contains exactly k points, and the degree l of a point is the number of edges containing it. A
hypergraph is called l-regular if every point of it has a degree of l. A t-coloring of a hypergraph is a coloring of the points with
t colors so that no edge is monochromatic. Here e denotes the base of natural logarithms.
The original application of the Lovász Local Lemma presented in 1973 concerns hypergraph coloring (see e.g. [1],
Theorem 2.1, Ch. 5) and yields the following result.
Theorem 1.1 (Erdös and Lovàsz [2]). Let H be a hypergraph in which every edge contains at least k points and meets at most d
other edges. If e(d+ 1) ≤ 2(k−1) thenH has a 2-coloring.
Theorem 1.1 shows that each k-uniform hypergraph in which all points have degree at most l where k = 9, l = 11 can
be 2-colorable (take d = 90 and note that 91e ≤ 28).
In [3] the author gives an improved version of the theorem on hypergraph 2-coloring, fromwhich it follows for example
that the numbers 9, 11 above may be replaced by 8, 12. They obtained the following result:
Theorem 1.2 (Colin McDiarmid [3]). Let H be a hypergraph in which every edge contains at least k points and meets at most d
other edges. If e(d+ 2) ≤ 2k thenH has a 2-coloring.
Indeed, more generally, if we could deduce from Theorem 1.1 that every hypergraphwith (k, l) is 2-colorable, where k <
l, thenwe can deduce from Theorem 1.2 that a hypergraphwith (k−1, l+1) is 2-colorable (since (k−1)l+2 ≤ k(l−1)+1).
The special case when k = l has received much attention. Alon and Bregman [4] in 1988 showed that every hypergraph
with (8, 8) is 2-colorable. Then in 1992 Thomassen [5] showed from his work on the even cycle problem for directed graphs
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that in fact every hypergraph with (4, 4) is 2-colorable. Note that (3, 3) is not 2-colorable, since the hypergraph formed
by the points and lines of the Fano plane is 3-uniform and 3-regular but not 2-colorable. Much interest has been focused
recently on the Lovász Local Lemma and hypergraph 2-coloring. Beck [6] (see also [1,7]) gave an efficient method to find
2-coloring if edges are sufficiently large and degrees sufficiently small. In the next section we shall prove some results about
the hypergraph coloring, using the ‘lopsided’ version of the Lovász Local Lemma.
2. Main results
Definition 2.1. Let A1, A2, . . . , An be events in a probability space, and Let G be a graph on the vertex set V = {1, 2, . . . , n}.
We say that G is a lopsidependency graph for the events if p(Ai| ∩j∈J Aj) ≤ p(Ai) for each i ∈ V , and each non-empty J ⊆ V
such that no j ∈ J is adjacent to i (and p(∩j∈J Aj) > 0).
We shall use the following ‘symmetric lopsided’ version of the Local Lemma, which follows immediately from the usual
proof of the Local Lemma [1,2,8]
Lemma 2.2 (Local lemma: Symmetric Lopsided version). Let A1, A2, . . . , An be events in a probability space Ω with a
lopsidependency graph G. Suppose that each event Ai has probability at most p and that each vertex degree in G is at most d.
If ep(d+ 1) ≤ 1, then p(∩ni=1 Ai) > 0.
Theorem 2.3. Let H be a hypergraph in which every edge contains at least k points and meets at most d other edges. Let t ≥ 2
be an integer. If e((d+ 1)(t − 1)+ 1)t−k ≤ 1, thenH has a t-coloring.
Proof. Color the points of the hypergraphH = (V , E)with 1, 2, . . . , t colors independently andwith equal probability; that
is, pick a coloring uniformly from the setΩ of the t |V | possible t-colorings. For each edge f ∈ E define t events B1f , B2f , . . . , Btf
by letting Bif (i = 1, 2, . . . , t) be the set of ω ∈ Ω such that ω colors f all i. Thus p(Bif ) = (t)−|f | ≤ t−k for each f ∈ E. Let G
be the multipartite graph with parts {Bif : f ∈ E} (i = 1, 2, . . . , t) and with vertices Bif and Bjg (i 6= j) adjacent if and only if
f ∩ g 6= ∅. Note that each vertex in G has degree at most (d+ 1)(t − 1)+ 1.
Claim G is a lopsidependency graph for the family of events Bif (i = 1, 2, . . . , t).
Once this claim is established, the theorem will follow immediately from Local Lemma above.
Let us then prove the claim. Fix some edge g ∈ E, and consider the corresponding event B1g (An entirely analogous
argument will work for Big (i = 2, 3, . . . , t)).
Let J be any non-empty collection of events Bif (i = 1, 2, . . . , t) not adjacent in G to B1g , and suppose that the event
D = ∩A∈J A is non-empty. We must show that
p(B1g |D) ≤ p(B1g). (1)
Let x be a partial coloring of the form ω|V |g for some ω ∈ D. Let Cx be the set of colorings ω ∈ Ω such that ω|V |g = x. To
prove inequality (1) it suffices to show that
p(B1g |Cx ∩ D) ≤ p(B1g) (2)
Note that for any event B1g in J with f ∩ g = ∅, there must be a point in f colored by i (i = 2, 3, . . . , t), and for any event
Bif in J (necessarily f ∩ g 6= ∅) there must be a point in f colored by other colors except i under x. If there is an edge f ∈ E
such that B1f ∈ J, f ∩ g 6= ∅ and f \ g all 1 under x, then p(B1g |Cx ∩ D) = 0 ≤ p(B1g); and if there is no such edge then D ⊆ Cx.
So, p(B1g |Cx ∩ D) = p(B1g).
Thus the inequality (2) holds in either case and the proof is complete. 
Theorem 2.4. Let H be a hypergraph in which every edge contains at least k points and meets at most d other edges. Let t ≥ 2
be an integer. If e((d+ 1)(t − 1)+ 1)(1− 1t )k ≤ 1, thenH has a t-coloring in which each color appears on each edge.
Proof. Color the points of the hypergraphH = (V , E) using 1, 2, . . . , t colors independently and with equal probability;
that is, pick a colorings uniformly from the set Ω of the t |V | possible t-colorings. For each edge f ∈ E define t events B1f ,
B2f , . . . , B
t
f by letting B
i
f (i = 1, 2, . . . , t) be the set of ω ∈ Ω such that ω colors f such that no vertices in f colored i. Thus
p(Bif ) = (1− 1t )|B
i
f | ≤ (1− 1t )k for each f ∈ E.
Let G be the multipartite graph with parts {Bif : f ∈ E} (i = 1, 2, . . . , t) and with vertices Bif and Bjg (i 6= j) adjacent if
and only if f ∩ g 6= ∅. Note that each vertex in G has degree at most (d+ 1)(t − 1)+ 1.
Claim G is a lopsidependency graph for the family of events Bif (i = 1, 2, . . . , t) and f ∈ E.
Once this claim is established, the theorem will follow immediately from Local Lemma above.
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Let us then prove the claim. Fix some edge g ∈ E, and consider the corresponding event B1g . (An entirely analogous
argument will work for Big (i = 2, 3, . . . , t).) Let J be any non-empty collection of events Bif (i = 1, 2, . . . , t) not adjacent
in G to B1g , and suppose that the event D = ∩A∈J A is non-empty. We must show that
p(B1g |D) ≤ p(B1g). (1)
Let x be a partial coloring of the form ω|V |g for some ω ∈ D. Let Cx be the set of colorings ω ∈ Ω such that ω|V |g = x. To
prove inequality (1) it suffices to show that
p(B1g |Cx ∩ D) ≤ p(B1g). (2)
Note that for any event B1g in J with f ∩ g = ∅, there must be a point in f colored 1 by x and for any other events
Bif (i = 2, 3, . . . , t) in J (necessarily f ∩ g 6= ∅) there must be a point in f colored i under x. If there is an edge f ∈ E such
that B1f ∈ J, f ∩ g 6= ∅ and f \ g is no colored 1 under x, then p(B1g |Cx ∩ D) = 0 ≤ p = p(B1g); and if there is no such edge
then D ⊆ Cx so p(B1g |Cx ∩ D) = p(B1g).
Thus the inequality (2) holds in either case and the proof is complete. 
3. Further remarks
We can consider t-coloring of a hypergraph such that each edge contains at least 2 points of each color. Clearly min |f | ≥
2t (f ∈ E).
Definition 3.1. Let n, t be positive integers and let P be a product measure on Ω = {1, 2, . . . , t}n. for each color j =
1, 2, . . . , t . Let D(j)f be a hereditary collection of subsets of f and let A
(j)
f be the event
Ajf = {ω ∈ Ω|{i ∈ f : ωi = j} ∈ D(j)f }.
Lemma 3.2 ([3]). Let G be the t-partite graph with parts {A(j)f } for each color j = 1, 2, . . . , t, and with vertices A(j)f and Aj
′
f ′
adjacent if and only if j 6= j′ and f ∩ f ′ 6= ∅. Then G is a lopsidependency graph for the events A(j)f .
Theorem 3.3. Let H be a hypergraph in which every edge contains at least k (k ≥ 4) points and meets at most d other edges. If
e(k+ 1)2−k(d+ 2) ≤ 1, thenH has a 2-coloring such that each edge contains at least 2 points of each color.
Proof. Color the points of the hypergraph H = (V , E) blue and red independently and with equal probability; that is,
pick a coloring uniformly from the set Ω of the 2|V | possible blue–red colorings. For each edge f ∈ E define two events
Bf and Rf , by letting Bf [Rf ] be the set of ω ∈ Ω such that ω colors f at most one vertices is blue (red). Thus, p(Bf ) =
p(Rf ) = (1+ |f |)2−|f | ≤ (1+ k)2−k for each f ∈ E.
Let G be the bipartite graph with parts {Bf : f ∈ E} {Rf : f ∈ E} and with vertices Bf and Rf adjacent if and only if
f ∩ g 6= ∅. Note that each vertex in G has degree at most d+ 1 and from the Lemma 2. We know that G is a lopsidependency
graph.
The theorem holds from the Local Lemma. 
For extension to Theorem 3. min |f | ≥ 2t (f ∈ E), then by analogous methods we obtain:
Generalisation. LetH be a hypergraph in which every edge contains at least k (k ≥ 2t) points andmeets at most d other
edges. Let t ≥ 2, If e(1− 1t )k−1(1− 1t + kt )((d+ 1)(t − 1)+ 1) ≤ 1, thenH has a t-coloring such that each edge contains
at least 2 points of each color.
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